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1.
$(X, d)$ . $X$ $T$ , $r\in[0,1)$
, $x,$ $y\in X$
$d(Tx, Ty)\leq rd(x, y)$
. ,
, .




. $A,$ $B\in$ CB(X) , $A$ $B$ $H(A, B)$
. ,
$H(A, B)= \max\{\sup_{x\in A}d(x, B),$ $\sup_{y\in B}d(y, A)\}$ .
, $d(x, B)= \inf_{y\in B}d(x,y)$ .
2 (Nadler [5]). (X, d) , $T$ $X$ CB(X)
. $r\in[0,1)$ , $x,y\in X$
$H(Tx, Ty)\leq rd(x,y)$
. , $z\in Tz$ $z\in X$ .
, 1 . ,
1 , .
3([6]). $\theta$ : $[0,1)arrow(1/2,1]$
(1) $\theta(r)=\{\begin{array}{ll}1 (0\leq r\leq\frac{\sqrt{5}-1}{2})\frac{1-}{r}\tau^{r} (\frac{\sqrt{5}-1}{2}\leq r\leq\frac{1}{\sqrt{2}})\frac{1}{1+r} (\ovalbox{\tt\small REJECT}_{2}^{1}\leq r<1)\end{array}$
. (X, d) , $T$ $X$ . $r\in[0,1)$
, $x,y\in X$
$\theta(r)d(x,Tx)\leq d(x, y)arrow d(Tx, Ty)\leq rd(x, y)$
. , $T$ .
MSC (2000). $54H25$
. , , , ,
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. $\theta(r)$ . , $\theta(r)$
$r\in[0,1)$ , . ,
3 . [6] .




4([3], [7]). $\eta$ : $[0,1)arrow(1/2,1]$
$\eta(r)=\{\begin{array}{ll}1 (0\leq r<\frac{1}{2})\frac{1}{1+r} (\frac{1}{2}\leq r<1)\end{array}$
. (X, d) , $T$ $X$ CB(X) .
$r\in[0,1)$ , $x,$ $y\in X$
$\eta(r)d(x,Tx)\leq d(x,y)arrow H(Tx,Ty)\leq rd(x,y)$
. , $z\in Tz$ $z\in X$ .
. $r\in[0,1/2)$ . $r<r_{1}<1/2$
$r_{1}$ . $u_{1}\in X$ $u_{2}\in Tu_{1}$ , $\eta(r)d(u_{1}$ , Tu$1)\leq\eta(r)d(u_{1}, u_{2})\leq$
$d(u_{1}, u_{2})$ ,
$d(u_{2},Tu_{2})\leq H(Tu_{1},Tu_{2})\leq rd(u_{1},u_{2})$
. , $d(u_{2}, u_{3})\leq r_{1}d(u_{1}, u_{2})$ $u_{3}\in Tu_{2}$ .
, $X$ $\{u_{n}\}$ $u_{n+}i\in T$ $d(u_{n+1}, u_{n+2})\leq r_{1}d(u_{n},u_{n+1})$
. ,
$\sum_{n=1}^{\infty}d(u_{n},u_{n+1})\leq\sum_{n=1}^{\infty}r_{1^{n-1}}d(u_{1},u_{2})<\infty$
, $\{u_{n}\}$ . $X$ , $\{u_{n}\}$
$z\in X$ .
, $x\neq z$ $x\in X$ ,
(2) $d(z, Tx)\leq rd(z, x)$
. $\{u_{n}\}$ , $u_{n+1}\in Tu_{n}$ ,
$n\in \mathbb{N}$ $\eta(r)d(u_{n},Tu_{n})\leq d(u_{n}, x)$ .
$H(Tu_{n}, Tx)\leq rd(u_{n}, x)$ , $d(u_{n+1},Tx)\leq rd(u_{n}, x)$ . , $n$
, (2) .
$z\in Tz$ . $z\not\in Tz$ . $Tz$ ,
$d(z, Tz)>0$ . $\epsilon>0$ 2 $r_{1}(d(z, Tz)+\epsilon)<d(z, Tz)$
. , $d(z, a)\leq d(z, Tz)+\epsilon$ $a\in Tz$ . $a\neq z$ , (2)
$\supset$
$d(z,Ta)\leq rd(z, a)$ . $d(z, b)\leq r_{1}d(z, a)$ $b\in Ta$ .
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, $a\in Tz$ , $H(Tz$ , Ta$)\leq rd(z, a)$ , $d(b, Tz)\leq rd(z, a)$ .
, $d(b,$ $a’)\leq r_{1}d(z, a)$ $a’\in Tz$ . ,
$d(z,$ $Tz)\leq d(z,$ $a’)\leq d(z,$ $b)+d(b,$ $a’)\leq 2r_{1}d(z,$ $a)$
$\leq 2r_{1}(d(z,$ $Tz)+\epsilon)<d(z,$ $Tz)$ .
. , $r\in[0,1/2)$ $z\in Tz$ .
, $r\in[1/2,1)$ . $1/2\leq r<r_{1}<1$ $r_{1}$
. , $r\in[0,1/2)$ , $u_{n+1}\in Tu_{n}$
$\{u_{n}\}\subset X$ $z.\in X$ . , $x\neq z$
$x\in X$ ,
$d(z, Tx)\leq rd(z, x)$
. , $x\in X$ , $H(Tx, Tz)\leq$
$rd(x, z)$ . $x=z$ , $x\neq z$
. , $n\in \mathbb{N}$ , $d(z, y_{n})\leq d(z, Tx)+\underline{1}d(x, z)$
$n$
$y_{n}\in Tx$ . $n\in \mathbb{N}$ ,
$d(x, Tx) \leq d(x, y_{n})\leq d(x, z)+d(z, y_{n})\leq d(x, z)+d(z, Tx)+\frac{1}{n}d(x, z)$
$\leq d(x, z)+rd(x, z)+\frac{1}{n}d(x, z)=(1+r+\frac{1}{n})d(x, z)$
, $(1/(1+r))d(x, Tx)\leq d(x, z)$ . ,
$H(Tx, Tz)\leq rd(x, z)$ . ,
$d(z,Tz)= \lim_{narrow\infty}d(u_{n+1}, Tz)\leq\lim_{narrow\infty}H(Tu_{n}, Tz)\leq\lim_{narrow\infty}rd(u_{n}, z)=0$




$r=0$ $r=1$ $r=0$ $r=1$
. 4. . , $r\in$
$[0,1/2)\cup[1/\sqrt{2},1)$ , $\theta(r)=\eta(r)$ $\eta(r)$
. , $r\in[1/2,1/\sqrt 2\urcorner$
.
3.
, 3 Jungck [2]
.
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5([3]). $\theta$ (1) . (X, d) , $S$ $T$ $X$
.
(a) $S$ ;
(b) $T(X)\subset S(X)$ ;
(c) $S$ $T$ .
$r\in[0,1)$ , $x,$ $y\in X$
$\theta(r)d(Sx, Tx)\leq d(Sx, Sy)arrow d(Tx, Ty)\leq rd(Sx, Sy)$
. , $S$ $T$ .
. (b) , $x\in X$ $SIx=Tx$ $X$ $I$
. $\theta(r)\leq 1$ , $\theta(r)d(Sx,Tx)=\theta(r)d(Sx, SIx)\leq d$( $Sx$ , SIx)
. , , $x\in X$ ,
(3) $d$ ( $SIx$ , SIIx) $=d(Tx,TIx)\leq rd$( $Sx$ , SIx)
. $u\in X$ . $u_{0}=u$ , $n\in \mathbb{N}$ $u_{n}=I^{n}u$
, $u_{n+}i=Iu_{n}$ , $Su_{n+}i=Tu_{n}$ . (3) ,
$d(Su_{n}, Su_{n+1})=d(SIu_{n-1}, SIIu_{n-1})\leq rd(Su_{n-1}, SIu_{n-1})$
$=rd(Su_{n-1}, Su_{n})\leq\cdots\leq r^{n}d(Su_{0}, Su_{1})$
, $\sum_{-1}^{\infty}d(Su_{n}, Su_{n+}i)<\infty$ . , $\{Su_{n}\}$
, $X$ n. , $z\in X$
, $Sx\neq z$ $x\in X$ ,
(4) $d(Tx, z)\leq rd(Sx,z)$
. $Su_{n}arrow z$ , $\nu_{1}\in \mathbb{N}$ , $n\geq\nu_{1}$




$\leq d(Sx, z)-d(Su_{n}, z)\leq d(Su_{n}, Sx)$
, $n\geq\nu_{1}$ , $d(Tu_{n},Tx)\leq rd(Su_{n}, Sx)$ . , $Sx\neq z$
$x\in X$ ,
$d(Tx, z)= \lim_{narrow\infty}d(Tx, Su_{n})=\lim_{narrow\infty}d(Tx, Tu_{n-1})$
$\leq\lim_{narrow\infty}rd(Sx, Su_{narrow 1})=rd(Sx, z)$
.






$d(Sz, z)= \lim_{jarrow\infty}d(SSu_{n_{j}}, z)\leq\lim_{jarrow\infty}\{d(SSu_{n_{j}}, Su_{n_{j}})+d(Su_{n_{j}}, z)\}$
$\leq\lim_{jarrow\infty}\{d(Su_{n_{j}},Tu_{n_{j}})+d(Su_{n_{j}}, z)\}$
$= \lim_{jarrow\infty}\{d(Su_{n_{j}}, Su_{n_{j}+1})+d(Su_{n_{j}}, z)\}=0$.
$z=Sz$ . $\#\{n:d(Su_{n}, Tu_{n})>d(Su_{n}, SSu_{n})\}<\infty$
, $\nu_{2}\in \mathbb{N}$ , $n\geq\nu_{2}$ $d(Su_{n}, Tu_{n})\leq d(Su_{n}, SSu_{n})$
, $d(Tu_{n}, TSu_{n})\leq rd(Su_{n)}SSu_{n})$ . ,
$d(Su_{n}, SSu_{n})=d(Tu_{n-1}, STu_{n-1})=d(Tu_{n-1},TSu_{n-1})$
$\leq rd(Su_{n-1}, SSu_{n-1})\leq\cdots\leq r^{n-\nu_{2}}d(Su_{\nu_{2}}, SSu_{\nu_{2}})$
, $\lim_{n}d(Su_{n}, SSu_{n})=0$ . , $z=Sz$ .






$d(T^{n}z,$ $T^{n+1}z)\leq rd(ST^{n-1}z,$ $ST^{n}z)=rd(T^{n-1}Sz, T^{n}Sz)$
$=rd(T^{n-1}z, T^{n}z)$
. (5) .
, $z$ $T$ 3 .
$\bullet 0\leq r\leq\tau_{2}^{1}$
$\bullet\frac{1}{\sqrt{2}}\leq r<1$ $\#\{n:Su_{n}\neq z\}=\infty$
$\bullet\tau_{2}^{1}\leq r<1$ $\#\{n:Su_{n}\neq z\}<\infty$
, $0\leq r\leq 1/\sqrt{2}$ . , $\theta(r)\leq(1-r)r^{-2}$ .
$z\neq Tz$ . $n\geq 2$ ,
(6) $\max\{d(T^{n}z, z),$ $d(\mathcal{I}^{m}z, Tz)\}\leq r^{n-1}d(z,$ $Tz)$
. $z\neq Tz=STz$ (4) ,
$d(T^{2}z, z)\leq rd(STz, z)=rd(TSz, z)=rd(Tz, z)$
. (5) $d(T^{2}z, Tz)\leq rd(z, Tz)$ . $n=2$
(6) . $n\geq 2$ (6) ,
$ST^{n}z=T^{n_{Z}}\neq z$ (4) ,
$d(T^{n+1}z, z)\leq rd(ST^{n}z, z)=rd(T^{n}z, z)\leq r^{n}d(Tz, z)$
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.$d(z, Tz)\leq d(z, T^{n}z)+d(T^{n}z, Tz)$
$\leq d(z, T^{n}z)+r^{n-1}d(z, Tz)$
$\leq d(z, T^{n}z)+rd(z, Tz)$
, $(1-r)d(z,Tz)\leq d(z,T^{n}z)$ ,
$\theta(r)d(T^{n}z, T^{n+1}z)\leq(1-r)r^{-2}d(T^{n}z, T^{n+1}z)$
$\leq(1-r)r^{-n}d(T^{n}z, T^{n+1}z)$
$\leq(1-r)d(z, Tz)\leq d(T^{n}z, z)$
. ,
$d(T^{n+1}z,Tz)\leq rd(T^{n}z, z)\leq r^{n}d(z, Tz)$ .
, $n:=n+1$ , (6) .
(6) $n\geq 2$ . , $z= \lim_{n}T^{n}z=Tz$ ,
$Tz\neq z$ . , $Tz=z$ . , $1/\sqrt{2}\leq r<1$
$\#\{n:Su_{n}\neq z\}=\infty$ , $\{u_{n}\}$ $\{u_{n}j\}$ $Su_{n_{j}}\neq z$
, (4) ,
$\theta(r)d(Su_{n_{j}}, Tu_{n_{j}})\leq\theta(r)(d(Su_{n_{j}}, z)+d(Tu_{n_{j}}, z))$
$\leq\theta(r)(d(Su_{n_{j}}, z)+rd(Su_{m_{j}}, z))$
$=d(Su_{n_{j}}, z)$
. , , $d(Tu_{n_{j}},Tz)\leq rd(Su_{n_{j}}, z)$ ,
$d(z, Tz)= \lim_{jarrow\infty}d(Su_{n_{j}+1}, Tz)=\lim_{jarrow\infty}d(Tu_{\eta_{j}}, Tz)\leq\lim_{jarrow\infty}rd(Su_{n_{j)}}z)=0$ .
, $Tz=z$ . $1/\sqrt{2}\leq r<1$ $\#\{n:Su_{n}\neq z\}<\infty$
, $\nu_{3}\in \mathbb{N}$ $n\geq\nu_{3}$ $Su_{n}=z$ . ,
$Su_{\nu_{3}}=Su_{\nu_{3}+1}=z$ .
$Tz=TSu_{\nu s}=STu_{\nu_{3}}=SSu_{\nu\epsilon+1}=Sz=z$
. , $z$ $S$ $T$
.
. $y$ $S$ $T$ .
$\theta(r)d(Sz, Tz)=0\leq d(Sz, Sy)$ ,
$d(z, y)=d(Tz, Ty)\leq rd(Sz, Sy)=rd(z, y)$
, $z=y$ .
. $\theta(r)$ $r\in[0,1)$ , .
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